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The conditions of solvability are established for a system of differential equations of parabolic type with 
discontinuous coefficients, for which a continuous solution is sought, although the derivative may have a 
discontinuity on the line of discontinuity of the coefficients. 

Many problems associated with transfer of energy and matter, and, in particular, certain problems of heat and 
mass transfer in drying processes and in capillary-porous material,  lead to a system of differential equations of parabol- 
ic type [1, 2]. 

In [3, 4] various problems involving a system of differential equations of parabolic type with smooth coefficients 
were examined. This paper deals with the case when the coefficients are discontinuous. 

It is required to find a regular solution of the system 

2 
OU~ (x, y, t) ~ 0 2 0 ~ 

= aek (x) AUk,  A - + ' O) 
Ot k=iZ-J OX ~ @2 

in a region D ( - -  o~ < x < -k oo, - -  co < y < q- oo, t > 0), satisfying the conditions 

where k i (i = I ,  2, 3, 4) 

the equations 

U~(x, v, t)lt=o = h ( x ,  v), (i =1, 2), 

u~(x, v, tG=+. = U,(x, v, 01.=-o, (i =1, 2), 

kl OUl (X,ox y' t) ==+0 = ks 

ka OU= (X,ox y' t) ,=+0 = k4 

OU1 (X,ox V_, t) . = - o '  

OU~(x, y, t) .= -0  
Ox 

are positive constants, 

(x) = / azk = const 
alk  [ p 

aik ---- cons{ 

for x > - 0  

for x < 0 ,  

a n - - ) ,  a12 k = 0 ,  

a21 az2 - -  
a;1--x '  a;2 i = 0  
a21 a22 - -  

having positive roots X1, X2 and Xl, X~, respectively, such that Xl ~ X2, Xl ~ Xz . 

(2) 

(3) 

We introduce unknown functions that satisfy the following equations: 

U~(x, y, t ) l . = + o = % ( y ,  t) ( i = l ,  2), 

tel OU~ (x, y, t) .='+o 
Ox = cp3 (y, t), 

k~ OG (x, V, t) [ = ~P~ (V, t), 
OX Ix='+o 

Ui(x, y, t)i~=-o=cPi(Y, t) ( i = l ,  2), 

te20U~ (X,ox y' t) ~ = - o  = q~ (V, t) ,  

k40U~(x ,  y, t) x--~"'~ Ox = eh (y, t). 

(3') 

(3 ' 3  

2'/0 



Obviously, conditions (3) will be satisfied when (3') and (3") are met. We now apply to system (1) and conditions (3') 
and (3") a Fourier transformation with respect to y and a Laplace tramformation with respect to t. Then (1) transforms 
to the following system of ordinary differential equations: 

2 d ~ k  ~ 2 

k = l  k = l  

(1') 

and conditions (3') and (3"), respectively, to 

U~ (x, =, P)I,=+o = % (% P) ( i -  1, 2), 

kl dUl (X, o~, p) I = ~a (a,'P), 
dE Ix= +o 

k3 dU~(x, a, p) [ 
dx ,x=+o = rpa (~, p), 

U, (x, a, P)lx=-o = q~, (~, P) (i = 1, 2), 

k= d0~ (x, c~, p) = r (~, p), 
dx  x = --o 

X = - - O  ~--- 

le A dO~ (x, ~, p) -= q~4 (a, p). 
dx 

(aa) 

(3b) 

We solve (1') for x >- 0 and x < 0 separately. Then the solution of (1') satisfying (3a) has the form: 

k 1 t; F (g, (X) 

- -  exp ( - -  l / ~  + p/k i ~) d ~ + U:'(~' ~" P) T .= " ~.~ V =  ~ + p/x~ 
~ 1  

0 

1 2 . ~ . :  ~ (a,  p) + A2 -~, (a, p)  . X 
-t- ,,=,2 Aq q~ (% p) + A]i k~ V a~ + Pl~'J k3 ]/~2 + Plki 

1 ~ f~ (~' ~) x ;K exp (1/a2 + plki x) + -~ Aq k i l / a  2 + plk i 
]=1 ~=1 0 

X exp 0 / ~ + PlY7 ~) d ~ + E A,~. ~ (:r p) - -  A~ i r (~, P) 
"~.~-1 

(4) 

where 

~ (~, p) 

k3 I/"~ 2 -'{- P/~'i 
exp ( - - / a  2 + p/k i x), 

( i - - l ,  2) when x > O ,  

A l l -  k l - - a ~  , A I 2 -  

A~2 a,= A l - -  21 ~ - -  

k i -- i~ ' 

k 1 - -  ),~ k 1 - -  k~ 

a2z A 1 " a~z 2 2 - - -  
k l -  ),2 ),i - -  )'= 

A~1= k l - a n  A~2= 
),1 - -  )'2 

The solution of (1') satisfying (3b) has the form: 

1 E B'~" ~, (x, ~, p)= y - ,, 

J=] L '=] , 
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X 

= ] % (a, p) . >( 
k, V / ~ 4- p/k) 

[, (t, a) X x) ,/-~ + p/~,~. 

~, r  + p/x)  

exp ( - -  1/a" 4- p/k ) x) -j- --~ q 
]=1 '~1  x 

2 
, = . ~ s ( ~ x ,  p )  

exp (-- l f ~  4- p/k} ~) d ~ 4- B~/~, (~, p) + B~ i k~ t:"'a ~ + plk} 

- ] ~'(=' P) exp ( ] / - ~ ; .  x), 

(i = 1, 2 ) w h e n  x < 0 ,  

+ 
(5) 

where 

k2 ~ a 2 2  a12 B ~ X~ - -  a ~  BI2 ~ Z ~  = , 

�9 a t 

B~2 = al2 B ~ 2x B22 a21 ; , ; _ x l  , ~, . . . .  - x,-x;  x; -x ;  

' ' x; ),[ ~ a l l  - - a  l 
/~21 = - - ,  B~22 - 

x; - x ;  x i - x ;  

Since we are seeking a regular sotution and assuming Re ( i / - ~  4- p/Xi} >. 0 , from (4) and (5), imposing the condition 
of  regularity when x --~ * % we obtain the system 

2 " 

Ai~'~ (a, p) + A'. ~ (a' p) 2 % (% P) 
0 k~ 1/--@ + p/k i Jr" Aq k3 t/-~-~--@ p/X I = 

~ l  

= .  q XZ l /~+p l k  I exp(--1/~--J-PtXi ~)d~,, 
" o = I  

0 

2 ~ ""  

, = ,  ' ,  - ' ,  k ~ / ~ , + p / ~ , )  - -  ~ '~  k , / # q - - - p / 7 , ; .  - 

o 

= ,  ' ,  x) r  + p/x) exp ( } / - ~  4 .  p/k) ~) d ~. 

(6) 

Here j = 1, 2. Since system (6) is interdependent for i = 1 and i = 2, to be definite we choose i = 1. Then the system 
of four algebraic equations (6) has the determinant 
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A = 

k~ ~ a n  al~ 
(),,, - -  ail) - -  at~ ki  ~/'-~'4- P/kl - -  ks 1/~ + plkl  

k I an at, 

().~--a~x) - -  ai,  kx~/=~ + Pl),,,. k~:l/~*+ p/X, 

�9 k' " a~2 , 2 ~ all 
Q,2 - -  a]~) - -  a12 - -  k ,  ~/ ~ + p/k] lea 1 / a  ~ -'~ p/k] 

, x~ - ~h a;~ 

(k] - -  an)  - -  a;~ - -  k ,  ~/a" + p/L" 2 k ,  ] / a  ~ + p/k~ 

If the determinant A is nonzero in the region G ( R e p ~ O , - -  e~ < a < -p- ~ ) ,  then we can find a l l  the ~ i f a ,  p) 

unique!y from (6). 

~ t  us assume that  A ~ 0, i . e . ,  

(7) 

~where 

aa~ai2 0, k ~ ,c ~,' ,ca = k,k,  t ~ - -  l l t ' , l - -  ~), c , =  [(X,--au) a ~ -  0~[--aH)atdX 

[ ] >~ 0"I -- an)  a i ,  ( k l -  at i )  a l l  

[ . . . .  ] , �9 , (ki -- art) a12 ( i2 -- all)  a l ,  
,Ca : = . ! [ ( X , -  al l )a12 -- Oq -- al 1)als] klk4 k,k,a ' 

�9 �9 ' [ 0~2 - -  an)a]2 
Ci ff i  ! [ ( k i  - - a n )  a l 2  - -  O - l - -  all) ar,] ,.. kik4 

[ ' 
' ' k �9 ( i 2  - -  an) al2 

C5 --'--"[()'1 - -  a,  1) a t ,  ( 1 7  all)  a12 - 

12a12 (.~k,a _ _  X,I)(Xl _ _  .)k2) ~ ~C6 ~ 

Then, using (6.), ~e t ramfo:m (4) and (5.,) as fol lows: 

0,, -- ah).al, ] 
k2h3 J 

k" ' ] ( ~ -  a . ) m ,  

+ ~ 2) v ( ~ , ~ / x s  exp [ -  1/~' + p/xs (x - ~)] d ~ -- 

-- S ]" (~' =) - exp[-- V' e' + t,/.i I (x +,~)1 d:.g + 
2-xs r + plXs 

o 

+ .  ~, (<z, 1,) exp [-- t / '~  + p/X s x]} 

for " X • 0, (i = 1, 2), 

C4') 
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~ (x, ~r p) = exp[-- V ~  + p/k I. (x -- $)1 d ~ + 

0 0 

+ 2k)f(/a2_~_p/k} e x p [ - -  ~,' a2-t-p/k)(~--x)ld~ - 2k) 1/-~. -7 - t -  p/k) X 
)2  - -  I ~  

(5 ') 

X exp [~/a2 -4- p/k} (x + ~)] d ~ -4- % (a, p) exp [t / a 2 + p/k) xl 

f o r x  < O, (i = 1, 2). 

We assume that we can apply inverse Fourier-Laplace transforms to the functions @ (c~, p) 
mined from (6). Then, applying the inverse transforms to both (4') and (5'),  we have 

U i(x, y, t)= Ai) dr % @' x) x exp 
4,ckl (t - -  x)2 4k i (t - -  x) 

]~1 ,~=1 

§ 

0 --ao 

- -  exp[ 

( [ (~' ~) exp 
4kit 4k i t 

(x+[)~+4kit(Y--~)~]) d~} 

+ 

for x >  O, ( i =  I,  2), 

2 ) , d e t e r -  

(8) 

U,. (x, v, t )= A; i d 

1 1 ~ 1 --oo 

r (~, ~)x 
4~k) (t --  x) ~ 

x'+(y-~)s] 
exp - -  4k}(t--r d~l+ 

~) exp - -  , - -  Jr- d~ f~ ~:jt 4k'it 
- - o o  - - o o  

exp 

f o r  x < O ,  ( i = l ,  2). 

(9) 

We now find the condition for which the inverse Fourier-Laplace transforms of ~ (~, p) (~ -~ 1, 2) exist, For 

this, we introduce the following notation: 

( ~2..-~p/~,l )1/2 (~2  ' )1/2 ( 0r )1/2 
�9 = Z l ,  + P/),I - -  Z~, = Z3. 

~2 + plk2 , a2 + p/ks ~2 + p/ks 
(1o) 

From (10) it is easy to obtain the equalities 

), 2 ' 2 ' 
~ 1 ( ~ 1  - -  2) Zl ~ - ) k l  ( ) ~ 2 - -  Xl )  Z2 = )~2()kl - -  X l ) ,  

2 ' ' 2 , '  
x~ (k; - -  xs) z2 + x2 (k~ - xl)  z~ = xs ( .2  - xb.  

(.11) 
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Equating the left side of (7) to zero and using (10), we obtain 

c2zlz2 + csz~z3 + csz2z3 + clzl + c4z~ + c5z8 =0. (12) 

Thus, we have a system of equations (11), (12) in three unknowns zl, z2, and z s. 

Let Ztk , Z2k , Zsk be a solution of (11) and (i2) (k is the number of the solution). Substituting this solution into 
(10), we find 

p = ~2 XI},, (z~k -- I) a 2 A, (la) 

which is a root of the equation ZX = 0. The two remaining expressions from (10), analogous to (13), transform into (13) 
with the aid of (11). We shall therefore examine only the one expression (13). 

It is clear from (la), that if Re A �9 0, then Re p �9 0. Then, as �9 ( - -  c~ < .  a < - t -c~)  varies, the point p, de-  
termined by (13), necessarily fails on the straight line (a - -  i oo, ~ + i co), along which integration is carried out in 
finding the original "@(a, t) f rom the conversion formula. Consequently, this original ~u (a ,  t) does not exist, and so 
the inverse Fourier transform of function ~v(a, p), determined from (6), does not exist, 

If Re A --< 0, then Re p -- 0. Therefore, when Re A --- 0, the inverse Fourier transform of function q,v(a, p) does 
exist. 

Thus, the result obtained above may be generalized in the following way: if solutions Zlk, Z2k, Zsk of system of 
equations (11), (12) satisfying the condition 

[ xlX~(z~k-- 1) ] 
Re xlZ~-- X~ < 0, 

exist, then the problem posed is soluble, and the solution is found from (8) and (9). 
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